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Abstract 

We pursue an inverse approach to utility theory and consumption & 
investment problems. Instead of specifying an agent's utility function 
and deriving her actions, we assume we observe her actions (i.e. her con- 
sumption and investment strategics) and ask if it is possible to derive a 
utility function for which the observed behaviour is optimal. We work 
in continuous time both in a deterministic and stochastic setting. In the 
deterministic setup, we find that there are infinitely many utility func- 
tions generating a given consumption pattern. In the stochastic setting 
of the Black-Scholes complete market it turns out that the consumption 
and investment strategies have to satisfy a consistency condition (PDE) if 
they are to come from a classical utility maximisation problem. We show 
further that important characteristics of the agent such as her attitude 
towards risk (e.g. DARA) can be deduced directly from her consump- 
tion/investment choices. 



1 Introduction 

The study of investment and consumption problems in finance has a long his- 
tory, and there is large literature relating to these problems. In general, how- 
ever, the set-up and solution of the problems take the following form: specify a 
utility function which describes the investor's 'desire' for wealth/consumption, 
and then solve a stochastic optimisation problem to find the optimal investment 
and consumption behaviour. Unfortunately, although we can postulate a simple 

*e-mail: A.M.G.Cox@bath.ac.uk; web: www.maths.bath.ac.uk/~mapaiiigc/ 

tc-mail: D .HobsonSwarwick . ac .uk; web: www.warwick.ac.uk/go/dhobson/ 
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parametric form for the utility function, and hope to deduce correspondingly 
simple forms for the optimal consumption/investment strategies, it is difhcult 
to justify any claim that such a utility function accurately represents the pref- 
erences of the agent. Moreover, attempts to elicit utility functions directly are 
notoriously difhcult, and prone to paradoxes and inconsistencies. 

In this work we approach consumption/investment problems from a different, 
and possibly more natural, perspective. Rather than supposing that we have 
previously divined an investor's utility function, we suppose that we know their 
future consumption and investment patterns, and ask whether we can compute 
a corresponding utility function from the given behaviour. We believe that there 
are a number of reasons why this is a natural question to ask: 

• consumption and investment strategies are 'observables' in that they can 
actually be measured from investors' actions, and therefore they are a 
more natural concept around which to build a model than the intangible 
utility function; 

• the framework will allow us to see how natural behaviour patterns in 
the consumption/investment setting relate to properties of the underlying 
utility function; 



the analysis mirrors the robust approach to pricing and hedging (cf. |Cox 



and Obloj ( 2010 1 ; Hobson ( 2010 1 ) where one takes the vanilla option prices 
as observables and attempts to infer information about the prices of exotics 
and the dynamics of the price process of the underlying. 

Our general question regarding how much information about an agent's pref- 
erences and optimality criteria we can recover from her behaviour and choices 
falls under the heading of revealed preferences in Economics. It dates back (at 
least) to Samuelson ( 1948 1 and is sufficiently central and important that it de- 
serves an entry in the New Palgrave Dictionary of Economics (Richter (20081). 
Other related work in the economics literature includes IGreen and Srivastaval 



( 1985 ) , who consider when a given consumption may be optimal for a utility 



maximising investor in a one-period, finite state model, and Mas-Colell (19771, 



where the observed quantities are the demand functions of consumers, and the 
aim is to recover the consumers' preferences. In the financial literature a similar 



"reversed" point of view was adopted by Dybvig and Rogers ( 1997) who consid- 



ered the recovery of an agent's utility function from a single realisation of her 
consumption path, working under the (strong) assumption of time homogeneity 
of agent's utility function. 



The closest to our work are papers of Black (1968), Cox and Leland (2000) 
and He and Huang ( 1994[ p These three papers considered the 'inverse Merton 
problem' on a finite time horizon while we consider the infinite horizon case. 
However the results are close in spirit. One of our main results in the continuous 
time Black-Scholcs market setting is that consumption/investment strategies are 
compatible with a utility maximisation framework if and only if they satisfy a 
certain PDE. We call this Black's PDE as it was first derived in [Black (1968). 



^We thank Thaleia Zariphopoulou who indicated these valuable references to us when this 
article neared completion. The manuscript Black (1968) was published in a modified form as 
|Black| | [l988l l, |Cox and Leland| | [2000| l was circulated informally in the 1980s, see Editor's note 
therein. 
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It was then re-derived using discrete time arguments in Cox and Leland ( 2000 1 . 



The analysis was then extended and made rigorous in a remarkable paper of He 



and Huang (1994). The key novelties of our paper are firstly in considering an 



infinite horizon, which requires dealing with the budget constraint and finiteness 
of the value function, and secondly in offering a unified, mathematically rigorous 
treatment of the problem. Moreover, we give several examples, and we show 
that they satisfy the sufficiency conditions of the theorem. This seems very 
difficult in the set-up of the pre-exisiting literature. 

We make more detailed comments about the relationship between our work 
and that of|Black| (|1968|) , ICox and Lelandl pOOOl) and iHe and Huangl (|1994p in 



below. We note also that the main result linking an agent's action 



Remark |3.8 

via a PDE is similar in spirit to results in Wang (|1993|). However in Wang 



( 1993 ) a full equilibrium model for a representative agent is considered and we 
have a partial equilibrium for a price taking agent. 

The paper is organised as follows. In the first part of the paper, Section 
[2j we work in a deterministic setup. After the problem setup and a heuristic 
derivation of the solution, the main theorem is given in Section |2.3[ In Section 



2.4 we analyse what can be deduced from agents' consumption about their risk 



attitudes and present explicit examples. Finally, Section 2.5 comments on our 
assumptions and the resulting restrictions. As well as being interesting in its 
own right, this section brings insight to the stochastic problem, by showing what 
we might expect or not expect to be able to recover about u. Nonetheless, there 
are also fundamental differences. 

In the second part of the paper. Sections [3] and HI we work in the stochastic 
setting of a Black-Scholes market. Sections |3.lf and [X2] give a heuristic derivation 
of the main result using the primal and the dual approach respectively. The 
main theorem and its proof are then given in Section [373] 

Section [4] contains a discussion of some consequences of the main theorem 
and an extension. Section 4.1 asks what happens if the parameters of the Black- 
Scholes financial market are not known, and in particular asks if it is possible 
to recover the volatility and Sharpe ratio from the actions of the agent. Section 
|4.2| discusses the implication for reading off the risk attitudes of agents from 
their actions. Section [473] focuses on the case of time-homogenous strategies and 
presents explicit examples where consumption and investment are not linear in 
wealth. Finally, Section 4.4 discusses a relaxation of the assumptions of the 
main theorem and in particular includes the case when an agent's consumption 
and possibly his wealth are uniformly bounded. Two examples are presented. 

Section [5] presents possible extensions of our work and future challenges. 

Notation. We make the following notational assumptions: throughout, an 
optimal consumption strategy will be denoted by c{t,w), where t is the current 
time, and w the investors wealth at time t. Similarly, an optimal investment 
strategy (in terms of the cash amount invested in a risky asset) will be 7r(t, w). 
A general consumption and investment process will be {Ct,Ilt)- All stochastic 
processes will be denoted by capital letters. Partial derivatives will be written 
Cw{t,'w) and Ct{t,w). There should be no confusion over subscripts t since 
applied to a (upper case) process it refers to a time parameter, and applied to 
a (lower case) function it is a derivative. 
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2 Deterministic setting 



2.1 Problem set-up 

We begin by considering the case where there is no stochastic investment op- 
portunity, so that we only observe the investor's consumption over an infinite 
horizon. More specifically, suppose we know that the investor who has wealth 
w at time t will consume an amount c{t,w)dt in the time interval t,t -\- dt, 
where c(t, w) > 0, and suppose that we work in a situation with no interest 
on savings (or equivalently, all amounts are discounted back to their time-zero 
values). Then an investor with initial wealth a; > will have time-< wealth 
w{t, x) described by: 



wt{t,x) 
w{0, x) 



~c(i, w(t, x)) 



(1) 



Further, we impose that the budget constraint w(t,x) > holds for all x and t, 
or, in terms of c{t, w), that: 



c(i, w(t, x))dt < X. 



Our main concern is then the following. Suppose c{t, w) is as above, and 
suppose we are told c{t,w{t,x)) is optimal for the problem: 



v{x) — sup / u{t,Ct)dt, 
Ct>0, Jo 
/~ CtdtKx 



(2) 



where the supremum is taken over processes {Ct)t>o- What can we infer about 
the function u7 



u{t,Ct)dt^ \\^J Ctdt^x 
{u{t, Ct) - X{x)Ct) dt + xX{x) 



2.2 Heuristics 

By introducing a Lagrangian term into ([2]) we get: 



v(x) — inf sup 

A>OCt>0 

= inf sup 

A>OCt>0 



In the second line we write A — X{x) to emphasise that A will depend on the 
initial wealth. 

Hence, for the optimal Ct, we get (supposing that u is suitably differentiable) : 



Uc{t,c{t,w{t,x))) = A(a;), 



(3) 



where the optimality of A implies Vx{x) — X{x). Moreover, if we differentiate 
([3]) again, we get: 



Ucc{t,c{t,w{t,x))) 



D{x) 



i,[c[t,w{t,x))Y 



(4) 
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where D{x) = —Xx{x) — —Vxx{x). To then find Uccit,c), we need to assume 
that we can recover a; as a function of c and t. This will be the case if we 
assume that c(t,w) is increasing as a function of w. It seems to be a fairly 
natural assumption to make in terms of investor behaviour, although note that 
the assumption does then imply xq) — w{t, xi)\ is decreasing vat — that is, 
the 'wealth paths' corresponding to different initial wealths are 'getting closer 
together' as time increases. Moreover, one could imagine paths corresponding 
to two different initial wealths merge at some later point. To rule out such 
behaviour we will also impose that g|c(i, u>(i, a;)) > 0. Note as well that if this 
is combined with the assumption that D{x) > (or equivalently that the value 
function is concave in x) we will have u concave — or a decreasing marginal 
utility of additional consumption. Since these all seem fairly plausible economic 
assumptions, we will work from this point on under these assumptions. 

Finally, observe that u will necessarily be undetermined at least up to ad- 
dition of a function of the form A{t) + Be and we would not expect to fully 
recover u from Q. 

Example 2.1. CRRA: Suppose the optimal consumption strategy is: c(i, w) — 
Kw, for some k > — so the investor consumes a constant proportion of her 
wealth, and that she always consumes all of her wealth. Then it follows that 
w{t,x) = xe~'^* and c(t,w{t, x)) = Kxe"''*, and we can invert this to see that if 
she is consuming c at time t, then her initial wealth was ^e''*. Hence we get: 

Motivated by our knowledge of the form of the solution in the CRRA case, 
suppose we assume further that D{x) — —Vxx{x) = 'yx~"'~^ for some positive 
7. Then 

uUt,c) = ^-jK^e-^^'c-^-' 

Integrating this expression in c, we get: 

u^{t, c) = c-'^K-'e-'-"'' + pit) = {Kxe-^^y k^q-^'^' + P{t) 

but by we know this expression must be independent of t, i.e. /3(i) = /?, 
and integrating once more, we get (provided 7 7^ 1): 

u[t,c) ^ h A(t) + /3c 

1 -7 

where A is an unknown function of time, and /3 is a constant. Note that these will 
not affect the choice of the optimal strategies derived from the utility function 
(assuming that A{t) At is finite). 

We remark that in the above example, we could have chosen any positive 
function -D(-), and we would end up with the corresponding value function at 
time given by Vxx{x) = —D{x), with exactly the same optimal consumption 
paths. This suggests we can interpret the paths (i, c(t, w{t, x))) as the contours 



5 



where the gradient of u is constant, while the function D encodes our relative 
valuation of the different paths. Knowledge of consumption paths does not 
reveal the relative valuations of the different paths since there is no natural way 
of comparing the path with initial wealth x and the path with initial wealth 
y, simply from the specification of the optimal paths. Specifying the function 
£)(•), however, does give an indication as to the relative valuation of the different 
paths, and in order to recover u(t, c), we would expect to need to specify this 
function. We come back to this issue below in Section 2.4 and Example 2. 



Parallels in the setting where a risky asset is traded and an agent also has to 
specify her investment strategy are drawn in Remark |3.6| in Section [3j 



2.3 Main results 

Before we transform the above remarks into a theorem, we also note that there 
may be a 'maximal' solution to Q, given by w{t) = sup^^Q w{t,x) which may 
be finite for t > 0. In such a case, there is a 'maximal' wealth path which comes 
down from infinity in finite time, and since we assume we only see behaviour from 
time zero, we will not observe any behaviour at higher wealths, and therefore at 
higher consumptions than c(t) — sup^>g c(i, w{t, x)). Thus we will not be able to 
infer features of u for levels of consumption above c{t). Some thought confirms 
that c{t) may be finite even if w{t) is equal to infinity for all t. Mathematically, 
we will represent this fact by assuming the function u{t, c) is constant above 
c(t), but note that there may be other possible choices of u which produce the 
same optimal choice of c and w. 

Theorem 2.2. Suppose we are given functions {c{t,w) : w G R^,t > 0} such 
that c(t, 0) = 0, c(t, w) is locally Lipschitz continuous and strictly increasing in 
w. Let w(t,x) be the (unique) solution to: 



wt{t,x) = -c{t,w{t,x)) 
w{0,x) ~ X, 

and suppose that 

oo 

c(i, w{t, x))dt — X, 

and the function -^c{t,w{t, x)) exists and is strictly positive. Then there exists 
a function u{t, c) such that Uc{t, c) > and Ucc{t, c) < 0, for which the problem: 

/•oo 

v{x) — sup / u{t,Ct)dt (6) 

Ct>0: Jo 
/~ Ct dt<x 

is uniquely solved by the choice of consumption: Ct — c(t,w{t,x)) for each 
x>0. 

Remark 2.3. In fact, as we shall see, there is a family of solutions u for which 
the choice Ct = c{t,w{t,x)) is optimal. It should also be clear from the proof 
that Theorem |2 . 2| could be modified into an if and only if statement, albeit more 
technical and complicated than the current version. 
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Proof. Define c(t) = swp^^Qc(t,w{t,x)), then for < c < c{t), we can find a 
unique x such that c — c{t,w(t,x)). Write this as y(t,c), and note therefore 
that y(t,c{t,w(t,x))) = x, and y{t,c(t)) = oo. Also, by the assumption that 
■§^c{t, w{t, x)) exists and is strictly positive, y{t, c) is a differentiable function of 
c with derivative 

Let D{x) be a strictly positive function satisfying 

/"OO 

/ D{y) dy < oo, for every x > 0. (7) 

J X 

Then we can define a function u by: 



dK : c < c{t) 



[O :c>c(i) 

where ([T]) ensures that the integral is finite for c > 0. Indeed, using the substi- 
tution ^ = k), we get: 

y(t,E(t))=oo Df^) 9 

a -^c{t,w[t,x)) d^ 

y{t,c) f^c{t,w{t,x))\^^^ dx 

^(Ode (9) 

a(t,c) 

Then Uc(i, c) > and Ucdt, c) < so that u{t, c) is strictly concave in c. Also, 
writing c — c(t, w{t, x)) we find 



u,it,c{t,wit,x)))^ / Z?(Ode (10) 

J X 

Now we consider a general consumption path Ct satisfying Ctdt < x. 
Then, using the concavity of u{t^ •) and (10), we conclude: 

oo 

[u {t, Ct) - u{t, c{t, w{t, x)))] dt (11) 
< I Uc{t,c{t,w{t,x))){Ct~c{t,w{t,x)))dt 
D{Od^] I {Ct~c{t,w{t,x)))dt 



< 

where the budget constraint gives the final step. Hence the given c(t,'w{t, x)) 
is the optimal path as required. Finally, the inequality in (11) is strict, since 
D{x) is strictly positive, unless c{t,w{t,x)) = Ct; hence c{t,w{t, x)) is also the 
unique optimal solution. □ 
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2.4 Inferring risk aversion from optimal consumption 

So far, we have discussed the derivation of a utihty function from an initial choice 
of consumption behaviour. Can we extend this, and say something about some 
other classical methods of describing investor behaviour? For example, a natural 
question in this direction would be: given a set of consumption paths can we 
determine whether the investor has decreasing absolute/relative risk aversion? 



As already observed in Section 2.2 above, it turns out that specifying the con- 
sumption paths alone is not sufficient. We present examples below of two utility 
functions, one with decreasing absolute risk aversion and one with increasing 
absolute risk aversion, which yield the same optimal consumptions paths. In 
essence, consumption alone does not tell us how the investor compares differ- 
ent wealths. This is specified by the additional function D. We can think of 
D(x) (or more accurately D{y) dy) as determining the relative weightings of 
different initial wealths: when D{x) is large, the additional utility of an agent 
from a small increase in initial wealth above x is large, when D[x) is small, 
the additional utility is also small. In what follows, we say that an agent with 
consumption paths c{t,w) has relative weighting oj initial wealths D{x) if D{x) 
is differentiable, satisfies Q, and the agent's utility is specified via ( |Io| ). 

We start with a simple observation about the role of the function D. 

Note 2.4. The Inada condition — that is, that for all t, Uc{t, c) takes all values 
in [0, oo), is equivalent to D{y)dy f oo as a; J, 0. 

We now analyse in detail the risk aversion of the investor. We concentrate 
on absolute risk aversion, but we observe that similar results can be derived for 
relative risk aversion. 

Definition 2.5. For a utility function u, the absolute risk aversion is given by 



p{t,c) 



Uc{t,c) 



We say that an investor is DARA (decreasing absolute risk aversion) if pdt, c) < 
for all t,c> 0. Similarly, we say an investor is CARA (constant absolute risk 
aversion) or lARA (increasing absolute risk aversion) if respectively pc{t,c) = 
or Pc{t, c) > 0, for all t,c> 0. 

Recall that u is recovered only up to an afline function. We should note that 
our normalisation Uc{t, oo) = 0, or more precisely lima;->.oo Uc{t, c{t, w{t, x))) = 0, 
which is implicit in the equation ([3| and explicit in ( 10 1, and follows from the use 



of c(t) as a reference point in ([8|) , has a consequence on the value of the function 
p(t,c). A different reference point might change the absolute risk aversion. 

Proposition 2.6. Suppose an investor has consumption paths c(t,w) and rel- 
ative weighting of initial wealths D{x). Then the sign of pc(t,c) is the same as 
the sign of: 

D,{x) ^ D{x) £,c{t,w{t,x)) _ d^^( D{x) \ 



D{x) CDiy)dy i^c{t,w{t,x)) dx \^c{t,w{t,x)) C D{y) dy ^ 
evaluated at x = y(t,c). 
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Corollary 2.7. An investor is DARA if and only if: 

D{x) + D{y) dy " J>o w{t^x))' " > ^''^ 

investor is CARA if and only if 

Dx{x) D{x) £,c{tMt,x)) 

D{x) CDiy)dy 9_cit,wit,x)) 

so that in particular, the right hand side of the equation is independent of t. 
Finally an investor is lARA if and only if: 

^ + > sup £^^^1^^ 



Proof of Proposition \276\ It follows from (10 1 that: 

D{x) 



p{t,c{t,w{t,x))) 



£c(t,w{t,x))J^D{y)dy 



Since c{t,w{t,x)) is increasing in x, p{t,c) is increasing in c if and only if the 
right-hand-side of the above expression is increasing in x, if and only if the 
logarithm of the right-hand-side is increasing in a;. □ 



Example 2.8. Consider the consumption function of Example |2.1[ so that 
c{t,w) = Kw and c{t,w{t, x)) = Kxe~'^^. Then: 

£jc{t,w{t,x)) ^ ^ 
^c{t,w{t,x)) 

If we consider a function D{x) = jx^'^^^ with 7 > 0, then 

D.jx) Djx) ^ 1 

D{x) ^ J^Diy)dy x ' 

so the corresponding investor is DARA. On the other hand, for the choice 

D{x) = xe~''^^ with > 0, 

D^{x) D{x) _ 1 

'Dix)^ S^D{y)Ay'x^ ' 

and the investor is lARA. The case D{x) = e~^^ gives a CARA investor. Note 
that in the last two cases we necessarily have u{t, 00) < 00, whereas in the first 
case the finiteness of u{t, 00) depends on the sign of (7 — 1). 

Example 2.9. The purpose of this example is to show that explicit answers may 
still be available beyond the CRRA case in which consumption is proportional 
to wealth. Again we find that knowledge of the consumption path alone is not 
sufficient to determine the attitude to risk. 
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Suppose wc have a concave, increasing function G{z) of class and such 
that G(0) = 0,G^(0) = 1 and G{z)/z as z oo. Let w{t,x) = jG{xt). 
Then it follows that w(0, x) = x and: 



c{t,w{t,x)) = -Q^ 



-G{xt) 



^ [G{xt) - xtG^ixt)] = j- ^G-'{tw)G,{G~\tw)) 



which is positive by concavity. In particular, we get: 

£^c{t,w{t,x)) 



1 ^^G,,,{xt) 



^ c{t,w{t,x)) ' X ' " G^^{xt) 



dx 



One simple example of such a function is G{z) = ln(l + z), in which case we 



get c{t, w) = ^ (tw + I 



dx'- 



- 1) and: 

rc{t,w(t,x)) 



2t 



^c{t,w{t,x)) X 1 + xt' 



This expression is decreasing in t, so we can conclude that 



S^c(t,w(t,x)) 
t>o £c{t,w{t,x)) t^oo 



2t 



1 + xt 



1 

X 



and we see that the corresponding investor is DARA if we take D{x) = ^x ^ 
for 7 > 0. On the other hand. 



^c{t,w{t,x)) 

sup ^ = lim 

t>o ^c{t,w{t,x)) t^o 



1 



2t 



1 + xt 



1 

x' 



so the choice D(x) — xe ^'^ for any rj > 0, gives an lARA investor. 

Another example arises by taking G{z) = 1 — e~^. In this case, we have 
c{t, w) = f + {l- wt)t-'^ ln(l - wt), and 



^c{t,w{t,x)) 



dx 



^c{t,w{t,x)) x 



As before, taking e.g. D{x) = xe~^^ , gives an lARA investor. However there 
is no choice of D{x) for which the investor will be DARA. Note that in this 
example, since G is bounded by 1, the investor's wealth will be below | at time 
t, no matter how large their initial wealth. 



2.5 Admissible utility functions 

It is natural to ask if we can recover all utility functions u (up to addition of a 
function A{t) + Be) from the above setup? The answer is no. 

Consider for example functions of the form: u{t, c) = U{c) for some increas- 
ing concave function f/(-). Such functions correspond to optimal paths which 
are constant, but of course, these have infinite total consumption. Agents with 
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finite initial wealth will try to spread the total consumption as evenly as possible 
across the whole time horizon, but there will be no sensible 'optimal' consump- 
tion. There may also be cases when optimal consumptions exist but are not 
covered by our framework. For example, one may construct utility functions for 
which optimal consumption paths are zero for a while and then leave zero to 
follow a positive path. 

Our aim in Section [2] was to consider the extent to which knowledge of opti- 
mal consumption paths can be used to determine the utility in the deterministic 
case. To obtain a complete and coherent description we worked under plausible, 
but not necessary, assumptions e.g. that consumption levels are strictly increas- 
ing in current wealth. The key discovery is that in the deterministic case there 
is no way to compare utilities across different optimal consumption paths. We 
shall see that this situation is rather special, and that the picture is different in 
the stochastic case. 



3 Stochastic Setting 



We now turn to a more sophisticated version of the above problem, by consider- 
ing what happens when we add the possibility of investment in a stochastic asset. 
Specifically, we suppose there is a risky asset Pt, where Pt is a Black-Scholes 
asset so that it has dynamics: 



d^ 
Pf 



a{dBt + edt) + rdt. 



(14) 



Here a is the asset volatility, 6* > is the Sharpe ratio, and r is the interest rate, 
which are all assumed to be constant, and Bt a standard Brownian motion. The 
investor now has to choose a rate of consumption Ct and also an amount, lit, 
which is to be invested in the risky asset. Then her wealth at time t, Wt, is the 
solution to: 

dWt = rWtdt - Ctdt + Ut(7{dBt + Odt), (15) 
Where we wish to highlight the dependence on initial wealth 



x,c,n 



subject to Wo - 

X or strategy (C, 11) we may write this as W'l 

The investor will specify an optimal pair of investment and consumption 
strategies, lit and Ct which attain the supremum in: 



sup 



E 



u{t,Ct)dt 



(16) 



subject to a budget constraint VFt > for all t > 0. Here u is an unknown 
function which we aim to find. 

As usual, the above generalises to an optimal control problem, which has 
value function: 



v(t, w) 



sup 



E 



u{s, Cs) ds\Wt = w 



Standard theory tells us that for a general pair (Ct, lit) the process Mt = 
Jq u(s, Cs) ds+v{t, Wt) must be a supermartingale, and under the optimal strat- 
egy will be a martingale. Applying Ito's Lemma to Mf, we see that the relevant 
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drift {dt) terms are: 



u{t, Ct) + vt{t, Wt) + v^{t, Wt) [rWt -Ct + ntae] + 



,{t,Wt)a^Iil (17) 



We assume that the optimal strategy takes the form (Ct = c{t^Wt),Ii-t = 
7r(t, Wt)). Then, by analysing this equation, and considering possible solution 



terms w(t, w), we prove in Theorem 3.4 that there is a function u(i, c) for which 



the pair (c(t, w), 7r(t, w)) is optimal if and only if these functions satisfy: 



c{t,w) rw 
7r(i,w) ■n{t,w) 



-iTw{t.,w) + 



'^t{t,w) 
irit, w)^ 



dw = I3{t) 



(18) 



for some function /3(t) — in particular, the left hand side is independent of w. 
This consistency relationship between tt and c for them to be the solution of 



an optimal consumption/investment problem of the type (161 was first derived 
by Black (19681 (published later in a modified form as Black (1988)), then by 
Cox and Leland| ( 2000 ) and subsequently generalised and made rigorous by He 



and Huang (1994), see Remark 3.8 below. Before stating and proving our main 
result. Theorem 3.4 we give heuristic derivations of (18 1 using both primal and 



dual approaches to ( 16 1 



3.1 Heuristics: the primal approach 



To motivate the condition in ( |18[ ), it turns out to be instructive to look at a 
more general problem: we introduce a function ^'(t, w) and then consider 



v(t, w) = sup E 



(u(s,C,) + *(s,W,)) ds\Wt = w 



(19) 



As before our starting point is an assumption that the optimal strategy takes 
the form (Ct ~ c{t,Wt),llt — T^{t,Wt)). Then, by deriving an expression for ^ 
in terms of the functions 7r(t, w), c{t, w), we will be able to recover the condition 
(181 in the special case where ^E* is a function of time alone. 



corresponding to ( 19 ) which is 



In the same way that we derived (17), we can get the martingale condition 



sup [u{t, C) — Vw{t, Wt)C] + sup 
c n 



naev^{t,Wt) + ^a^Il\^^{t,Wt) 



+ vt{t, Wt) + v^t, Wt)rWt + *(i, Wt) = 0. 
In particular, the optimal choice of H, namely Tr(t,w), should satisfy: 

9v^{t,w) 



7r(t, w) = — 
which in turn suggests we can write: 

Vwit, w) = exp < A{t) 



■ dw 



(20) 



(21) 



(22) 



(77r(t, w) 

where A{t) is some function of t to be specified. Our aim is now to use this 



expression to remove terms involving the function v from ( 20 ) . To this end, it 



will be easier to consider the derivative of ( 20 ) 
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Suppose that u is concave and differentiable in c and introduce the convex 
dual, — sup^ {u{t,x) — Cx)- Note that we have u^{t,^) — — x*; where x* 

is the choice of x which attains the supremum. 

Substituting the optimal actions c{t,w) and Tr{t,w) into (|20[), we get: 



= u{t, v^{t, w)) + -^T^i^, w)u6v^{t, w) + vt{t, w) + w)rw + ^'(i, w), (23) 



and differentiating (231 with respect to w, we obtain: 



+ v^^ {t,w)rw + v^{t,w)r + ^^{t,w). 



(24) 



If we now differentiate (|22| in the time variable, we see that we must have: 

Vtw{t,w) 



A\t) 



(T7r(i, w)^ 



7rt(t, w) dw 



(25) 



so that (24|) becomes 
= 



n{t, w)ad + rw — c{t, w) 



{t, w) + '^w{t, w) 



<TeTT^{t,w)+r + A'{t) + 



aT:(t, w) 



;TTt{t,w) dli 



Finally, dividing through by Vw(t,w) we have: 



■n(t, w)a9 + rw — c{t, w) 



,{t,w) , 1 



+ r + A\t) + 



and using (21 ), we get: 



*^,(t,u;)exp|-A(i) +^ 



o'7r(t, w) 



■ dli 



TTf (i, w) dw. 



cr7r(t, w 
rw9 0c(t, w 



aTr{t,w) TT{t,w)a 2 

W Q 

7rt(t,w)dw. 

cr7r(r, u))"^ 



(26) 



Since we have not yet fixed the constant of integration A(t), we are free to choose 
this. Because our main interest is in the case where ^'(t, w) is independent of w, 
it follows that we are interested in cases where we can make the expression on 
the right-hand side of (26) disappear, which will occur whenever the expression 

02 



(77r{t,w) aTi{t,w) 



9c(t,w) (t9 

- -7rT^w\t,w) - r 



nt{t, w) dw 



is independent of w. Differentiating once more in w, and rearranging, we see 
that this is equivalent to tt, c satisfying: 

TTtit, w) = - — 7r(i, wY-Kyjwit, w) + {c{t, w)-rw)TTw(t, w)-TT{t, w)cw{t, w)+rTr{t, w). 

(27) 
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This is Black's equation (Black (1968 Equation (9)), see also Cox and Leland 
( |2000[ Equation (47)) and |He and Huang| ( [19941 Equation (26))). Equivalently, 
defining R{t,w) := ^^y^, we have that R solves: 



Rw{t, w) 



T I G 

— r 7- — {nt{t,w) + rwTT^{t,w)) - —n^^{t,w), (28) 

Tr(t,w) 7r(r,u')^ 2 



and integrating we arrive at Black's PDE in integrated form ( 18 1 

^2 



rTrEv^'^^+ -7^T^w[t,w) + — — r -r— — r 

1 2 TT(t,W) TT{t,w) 



m 



(29) 



for some function /3(i), independent of w. 



3.2 Heuristics: the dual approach 

We now give a second derivation of Black's equation using a dual approach to 
the consumption/investment problem. We will use this approach to give our 
main theorem below. 

For the problem ( 16 1 we can rewrite the budget constraint as 

E / CtZtdt 
Jo 

where (^t)t>o is the state-price density process and is given by 

—t 



exp —rt — 9Bt 



With this formulation the problem becomes to find 



supE 

Ct 



uit,Ct)dt-X 



CtZtdt 



for an appropriate Lagrange multiplier A — A(x). This expression is bounded by 
Xx + E[Jg u(t, XZt)dt] and for optimality we must have that Uc{t, Ct) — XZt so 
that writing I(t, •) for the inverse in space of Uc(t, •) we deduce that the optimal 
consumption takes the form Ct = I(t, XZt). 

Now assume that the optimal strategy is a given function c — c(t, w) of 
time and wealth so that Ct = c{t, Wt). It follows that Wt = f{t, XZt) for some 
/ = f{t, z) which depends on the (now unknown u) through / = o I. 

Then, by Ito's Lemma, 

dWt = XfAt,XZt)dZt + ft{t,XZt)dt+ il/2)f,,{t,XZt)X^d{Z)t 
= -eXZtfABt + {ft + (1/2)02^2^V.. - rXZtfMt- 



(30) 



Comparing this with the wealth dynamics ( |15[ ) we have 

aTT{tJ{t,z))^~ezf,{t,z), 



rf{t, z) - c{t, fit, z)) + Oanit, f{t, z)) = /^(i, z) + [1/2)9' z' f^t, z) - rzf^, z). 

(31) 
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Then an^fz = —Ofz — Ozf^z and ai^t + crT^wft — ~0zftz so that 

O^z'^fzz ^ (0 + fT7r^)(T7r, 
ftz/fz = TTt/TT + TT^ft/TT. 



Puttmg (32 1 into (31) gives 



(7 rfj 
rf -c + (t9tt = -n{0 + cttTu,) + ft + -^n. 



(32) 
(33) 



(34) 



Differentiating with respect to z, dividing by fz — —an/{6z), using (33) and 
(34) to ehminate ftz and ft and multiplying by tt we finally get 



(r- Cw(t,w))Tr{t,w) - —{■n{t,w)YTT^^{t,w) - ntit.w) ^^^^ 

— rTT^it, w)w + T^wit, w)c{t, w) — 0, 



which is Black's PDE (27) 



Remark 3.1. Our motivation so far has been the following: we have supposed 
that both the consumption and investment functions have been stated for all 



times and wealths, and we have derived the consistency condition (29) as a 



necessary condition that these functions must satisfy. However, the above cal- 
culations also suggest an alternative way of viewing the setup. Suppose instead 
our agent specifies her consumption (at all times and wealths), and her initial 
investment strategies at all wealths (i.e. {7r(0, w)}^->q). Then, under the as- 
sumption that the agent is a utility maximiser, we can solve the parabolic PDE 



(35) to deduce TT{t,w) at times t > 0. Note that the utility function itself is 



bypassed in the sense that we do not need to specify it to deduce 7r(i, w). This 
was one of the motivating observations for |Blackj (jl968j) . 



3.3 Main results 

Given a pair of processes (C, 11) = (Cs, n<;)s>o define the associated wealth 
process {W^''^'^)s>o for initial wealth x by 



W: 



x,c,n 



n„(T(dB„ + 9du) 



{rW: 



a;. C.n 



C„)du. 



(36) 



We say that C, n is admissible if ( [36| admits a strong solution W^''~^'^ with 
^x.Cn > Q jTQj. g^jj g g^j^^ write A = A{x) for the space of admissible strate- 
gies. Note that if C, 11 is admissible then, writing W for W'^''^'^, 



(37) 



Hence {ZsWs)s>a is a non-negative supermartingale so that if Wg = then, for 
t > s, E[WtZt\J-s] < WsZg = and hence Wt = almost surely. Thus zero is 
absorbing for any admissible strategy. 

We suppose we are given functions c — c{t, w) and tt ~ 7r(i, w) and we aim to 
find, where possible, u such that Cf = c(t, W^' ' ), H^ = 7r(i, W^' ' ) is optimal 
for (16). We start by defining the class of utility functions we consider and 



imposing further assumptions on our inputs. We focus here on the "regular" case 
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which yields a clean simple statement of the main result. Possible extensions 



which relax the assumptions on u, tt and c are discussed in Section 4.4 



Recall that a function x) is locally Holder continuous on a set D if, for 
every {t,x) E D, there is some neighbourhood U of {t,x), and some a E (0,1] 
such that 

m,x)~^{t',xT ^ 

7i ,12 I 1^ JTTT^ < 

(t',x'),(t,a;)GC/ (F " ^ \ + F - ^ I) 

Note that a function which is locally-Holder continuous is jointly continuous. 

Definition 3.2. We say that a function u : [0,oo)^ — > [—00,00) is a regular 
utility function if for any t > 0, u(t, ■) is twice continuously differentiable, strictly 
concave and strictly increasing, and satisfies the Inada condition: Uc(t,0) = 00 
and Uc(<,oo) = 0. Further, I{t, ■) defined to be the inverse in space of Uc (so 
that Uc(t,I{t, z)) — z) is such that 1^ is locally Holder continuous on (0,oo)^. 

If a utility function u is given we denote the set of admissible strategies 
for which the reward in (16) is well defined by A^{x) = {(C, 11) E A{x) : 
E/g°°u(i,Ct)+dt < 00 orij^ u{t,Cty At < 00}. 

Definition 3.3. We say that (c, tt) is a regular consumption/investment pair if 

• for each i > 0, c(t,0) = and c{t, •) is strictly increasing, unbounded and 
differentiable with Cw{t,w) locally Holder continuous on (0, 00)^. 

• for each i > 0, 7r(i, 0) = 0, 7r(i, •) is strictly positive and dS,/TT{t,C) = 
00 = d^/7r(t, ^). Further, tt = Tr{t,w) is continuously differentiable in 
both arguments on (0,oo)^. 

Finally, c, tt are such that the SDK 

AWt"" =TT{t,Wt'')a{dBt + edt) + {rWt'^ -c{t,Wt'=))dt, ^ x, (38) 

has a strong solution. 

When we want to emphasize the dependence on c and tt we denote the 
solution to ^hyW' = W'-'-"''' . 

Assuming that (c, tt) is a regular consumption/investment pair define y(t, c) 
to be the inverse to c(t,w) so that Y(t,c{t,w)) — w. Suppose further that c, tt 
satisfy ([29]) and let A{t) = - f /q /3(s)ds + (^ - r)t, and define F{t, w) by 

By assumption, for t > 0, F{t,0) — 00 and F{t, 00) — 0. For each t, F{t,w) 
is C^'^ and decreasing in w, so we can define its inverse / = F^^ such that 
f{t, F{t, w)) = w and F{t, f {t, z)) = z. 

Finally set H{t,c) = F{t,Y{t,b))db. Note that we have 

fAt,z)FUtJ{t,z)) = 1; (40) 
Mt,z) + Ut,z)Ft{tJit,z)) = 0; (41) 
fz{t,z)F^^itJit,z)) + f,S,z)F^itJ{t,z)f = 0, (42) 

and that / is C^'^. 
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Theorem 3.4. For any x > 0, the following two are equivalent: 
(i) c{t,Wf) and T:{t,Wf) achieve a finite maximum in the problem 



max E 



u{t,Ct)dt 



for a regular utility function u, as in Definition \3.S\ for which 



3A> such that a; = E 



■ poo 

/ Ztl{t, XZt)dt 
Jo 



(43) 



(44) 



(ii) c{t, w), T: {t, vu) are a regular consumption/investment pair, as in Defini- 



tion 



3.3. c{t,w),n{t,w) satisfy (291 on (0,oo)^ and 



E 



Ztc{t,Wndt 



(45) 



and for some < xq < x, E[|/f (i, c(t, VF/^"))!] < oo for almost allt > and 
J^E[Hit,c{t,Wt'')) - h{t)]+dt < oo, where h{t) = E[H{t,c{t,Wt°))]. 

Moreover, we then have Uc{t,c) = Hc{t,c), A^{x) — A{x) and in (i) one may 
take u{t, c) — H{t, c) — h(t). 

Remark 3.5. In (ii) it is equivalent to use f{t,F{0,x)Zt) in place of Wj^ 
throughout. This condition may be easier to check. 

Remark 3.6. It is interesting to observe the analogy with the deterministic 
setup considered in Section [2j There, given an agent's consumption, we recov- 
ered their utility function as Uc{t, c) = F{t, y{t, c)), where y{t, c) was the inverse 
of consumption and -^(2;) = D[s)ds was an arbitrary absolutely continuous 
decreasing non-negative function. In Theorem |3.4| above, we recover the utility 
function in the same form Uc(t, c) = F{t, Y{t, c)) but now F is uniquely specified 
in terms of the agent's investment strategy coupled with the discounting term 
A{t) read off from Black's equation ([29|. 



Remark 3.7. There are close parallels between different conditions in (i) and 
{^^)■. 



The fundamental point of the theorem is the equivalence between (29) 



and optimality of c, tt for the problem (43). If (29) fails, c, tt may still be 



optimal but for a more general problem of the type ( 19 ) 



The integrability conditions on 7r(t, w): d^/n{t, Q — 00 — d^/7r(i, ^) 
correspond to the Inada condition on u. 



Equations ( 44 ) and ( 45 ) are essentially the same and encode the budget 



constraint. We show below that if E[/p°° Ztc{t,Wf)dt] > x then (C, II) is 
not admissible. Conversely, if E[/(j°° Ztc{t, Wf)dt] = x — S for S > then 
c, TT is typically not optimal. Indeed, if c(t , w) = c(t, vS)^be~^ jZ^ then (by 



Karatzas and Shreve 



Theorem III.9.4 of 
such that c, II is admissible, and achieves a strictly higher expected utility 



(1998)) there exists a process II 



of consumption over time in ( 43 ) 
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In general the assumptions of Theoreni |3.4| may be non-trivial to verify. However 
we provide a wide class of examples where they hold, see Lemma 4.3 below. In 
Section 4.4 we shall also discuss some ways in which the conditions of the 



theorem may be relaxed. 



Remark 3.8. The focus in Cox and Leland (2000) and He and Huang (1994) 



is on a problem in which ( 43 1 is replaced by maximisation of expected utility 



of consumption and terminal wealth over a finite horizon [0,r]. These papers 



give analogues of Theorem 3.4 above in this setting ((Cox and Leland [2000 



Proposition 3), ( |He and Huang[|1994[ Theorems lfc3)). |Cox and Lelandy ( |2000i 



develop discrete-time arguments, and pass to the limit without full justification 
to deduce the continuous-time result. He and Huang ( |1994 ) work directly in 
continuous time, and give a rigorous derivation of the results. 

In many respects the infinite horizon problem is more natural than the finite 
horizon version, but it introduces new difficulties related in particular to the 



budget constraint (44|-(45) and finiteness of the value function (43). He and 



iHuang ( 1994 1 comment that their analysis could extend to an infinite horizon 
with the additional condition E[ZfVFt] — > as t — > oo which, under all their 
assumptions, implies our budget constraint (45). However this does not seem 



to be so immediate due to the important integrability restrictions on c in He 



and Huang (1994). Further, the well-posedness and finiteness of the expected 



utility is not discussed. 

In addition to the finite horizon/infinite horizon distinction, we believe our 
approach has the advantage of a mathematically rigorous and unified if and 
only if statement with a straightforward proof which should be appealing to a 
contemporary reader. Our proof of Theorem |3.4| is based on the dual approach. 
In contrast (He and Huang 1994[ Theorem 1) use a primal approach to prove 
results for the forward problem ((i) implies (ii) in our theorem), and a dual 
approach for the inverse problem (He and Huang 1994 Theorem 3). The mixing 
of primal and dual techniques can easily lead to incompatibilities between sets 



of assumptions, and for this reason He and Huang ( 1994 ) do not have an if and 



only if statement. For example, the assumptions of Theorem 3 in He and Huang 



( 1994 ) are easily satisfied by consumption and investment strategies which are 



proportional to wealth and which result from CRRA utility, see Example |3.9| 
below. However, taking parameters which correspond to risk aversion 7 > 1 



means that the value function behaves as 



''' and does not satisfy the 



polynomial growth restriction required for their Theorem 1. The authors seemed 
to have been aware of such instances, see Footnote 20 therein. 

We note also that we are able to make less restrictive assumptions than 



previous works. In particular, both Cox and Leland (20001 and He and Huang 



( 1994) assumed stronger growth and differentiability properties on c and tt. Fur- 



ther, these properties were imposed as standing assumptions for their theorems 
whereas in one direction we deduce these properties from the regularity of u. 
Moreover, our setup allows us to obtain a general class of actions for which we 
can verify the assumptions, see Lemma |4.3| below, which includes interesting 



examples. This seems very difficult in the set-up of He and Huang (1994) 



Nevertheless, we stress that jHe and Huang (19941 remains a very impressive 
paper, with many contributions which are beyond the scope of this work. In 
particular, they considered a more general setup than we do in that they allowed 
the stock price Pt to be a generic diffusion (local volatility) process and c and 
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TT to depend on the state (i.e. Pt) as well. 

Proof of Theorem \3.4\ We first show that (ii) ^ {i). 

We take u{t, c) = H{t, c) — h{t) which is strictly increasing and strictly concave. 
We have Uc{t,0) = F{t,Y{t,0)) = F{t,0) = oo, Mc(i,oo) = F{t,Y{t, oo)) = 
F{t, oo) = and Ucc{t,l) = Fm{t,Y{t,l))/cw{t,Y{t,l)) is continuous on (0,oo). 
In addition, I{t,z) — c{t,f{t,z)) and, as observed above, / is well defined and 
C^'^ on (0,00)^. In consequence, Izit,z) is locally Holder continuous and u is a 
regular utility function of Definition |3.2[ 

Let A = X{x) = F{0,x) and set M^* = f{t,X{x)Zt), so that W^o = /(0,A(a;)) = 



x = W, 







We now show that Wf = Wf 



Note that by construction we have Uc{s, c{s, Wg)) — F{s, Wg) — X{x)Zg. By 
Ito's Lemma 



dWt =X{x)f,{t, X{x)Zt)dZt + ftit, X{x)Zt)dt + 
= -9X{x)ZtfAt,X{x)Zt)dBt 

'ft{t, X{x)Zt) - rX{x)ZtfAt, X{x)Zt) 



Xixf 



f,,{t, XZt)d{Z)t 



-Zff,At,Xix)Zt)]dt 



Then Wt is a strong solution to (38) provided that for w = f{t, z), 

-0zfz{t,z) = aTr{t,w) 

and 

0an{t, w) +rw- c{t, w) = ft{t, z) - rzfz{t, z) + ^^^^^/^^(t, z). 



For the first of these, using z = F(t,w) and the definition of F and (40), we 
have 

-ezfzit, z) = ~e^^^ = an{t, w). 



For the second, using also (41) and ( |42| 

ft{t,z)-rzfS.z) + \e^z^fUt,z) 



= -f,it,z) [Ftit,w)+rFit,w) + 



F{t,wYF^^{t,w) 



-F{t,w) 
F^{t,w) 

(T7r(t, w) 



^2 ^ ^™ _ Oc{t,w) 
cnT{t,w) aTT{t,w) 
rw + 9aTr{t, w) — c{t, w). 



F^{t,wy 

1 r„ 



<jeTTUt,w)] (46) 



(47) 



We thus conclude that and Wt are strong solutions to the same SDE, (38 1. 
By Karatzas and Shreve (1991 Theorem 5.2.5), we therefore have Wj^ = Wt — 
f it, X{x)Zt) for alH > a.s. with X{x) = F(0, x). 

For the rest of the proof, with slight abuse of notational conventions, let us 
write cf := c{t, Wt)- It follows that cf = c{t, f{t, F{0, x)Zt)) a.s. and in partic- 
ular cf < c| for < a; < y. Further, since Uc{t, c{t, f{t, z))) = F{t, f{t, z j) = z, 
we have Uc{t, cf) = X{x)Zt, so that cf = I{t, X{x)Zt) and 



uit,X{x)Zt)=u{t,cf)-Xix)Ztcf, 



(48) 
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where u is the convex dual of u. It follows that (44) is simply (45). 

By the assumption E[|u(t, c(i, «))|] < E[\H{t,c{t,Wt"))\] + \h{t)\ < oo 
and 

E[u{t,cit,Wn)]=nH{t,cit,Wt'''))]~hit) = 0. 
Using the hypothesis E[J^[u{t,c{t,Wf°))]^dt] < oo we obtain 

poo 

E[ u{t,c{t,Wt°))dt]^0. 
Jq 

For X > Xq we write 

u{t, ct) < u{t, \{xo)Zt) + X{x^)ZtC', = u{t, ct") + X{xo){ct ~ c^")Zt 
and hence 

nOO nOO nOO 

E u{t,Ct)+dt<E u{t,ct°)+dt + X{xo)E ZtCtdtKoo. 
Jo Jo Jo 

Hence E[Jg°° u{t,cf)dt] is well defined and non-negative. 
Consider now arbitrary C, 11 e A{x). From (37 1 we have 



< WtZt = 
It follows that 



Zt^x+ f Z,{alls - eWs)dBs - f Z.Csds. 
Jo Jo 



< / Z,C,ds < 



/ Zsialls - eWs)dBs. 
Jo 



In particular Zs{ns — 9Ws)dBs > ~x is bounded below and hence is a su- 
permartingale. We also conclude that for each t, E[/g ZgCsds] < x and hence 



E 



Z,C,ds 



It follows that, with A = X{x), 



E 



u{s, Cs)^ds 



< x\ + E 

< x\ + E 
= x\ + E 

< xX + E 



< X. 

DO 

{u{s,C,)-\Z,CsYds 

DO 
DO 

(«(s,cf)-AZ,cf)+d. 



(49) 



m(s, c%yds 



< oo, 



where we used (48). In consequence, A{x) — A"{x). Once we know the expec- 
tations exist we proceed with a standard argument: 



E 



u{s, Cs)ds 



Uo 



< Ax + E 

< Xx + E 



u(s, Cs) — XZsC'sds 
XZs)ds 



(50) 
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Further, from (45) and (48) it is immediate that there is equahty throughout 
(50) for Cs — cf and = 7r(s, W^) which shows that these are optimal. 
We come now to the other imphcation: {i) {ii). 

Take A as in (44) and let Cs /(s, XZg). In particular, it(s, XZ^) = u{s, Cs) ~ 
XZsCg > u(s,c^) — XZgcl ^'^d hence 

M(s,cf)- > {\Zs{c^s - Cs) + u{s,Cs))~ > u{s,Cs)- - \Zs{dl - Cs)^- 
Rearranging and integrating we have 



E 



u{s,Cs) ds 



ds 


< E 


[/ 









u(s, c^) ds 



+ AE 


[/ 




Jo 



Zs{cl + Cs)ds 



< oo, 



where we used (|49| and the fact that cf induces a finite maximum in (43). As 
observed earlier (cf. Theorem III. 9. 4 in Karatzas and Shreve| ( 1998 )), there exists 
(Us) such that (Cg, 11^) e A{x) and the above then shows that (Cg, Ilg) € A^{x). 
Proceeding as in ( 50 ) , we obtain 

E 



u(s, c^)ds 



< Ax + E 



u(s, XZs)ds 



= E 


[/ 




Jo 



u{s, Cs)ds 



It follows we have to have equality in the above equation which is true if and 
only if m(s,cJ) — XZsCf^ = u(s, XZg) ds x dP-a.e., which in turn is true if and 
only if cj = Cs almost surely. In consequence, (45) is simply (44). 

Using similar arguments to the ones which led to (49) above we see that 
WtZf — )■ WooZoo a.s. as t — > oo. Further 

< EVFoo^oo <x-E I ZsCAs = 



and hence WaoZao = 0. In addition, by considering a localising sequence of 
stopping times rjv, from (37) we get: 



.T = E[T4^,„Z,„]+E 



CsZsdi 



But from (III a; = E /J^ ^sC^ds, so E [iy^„Z^„] ^- as TV ^- oo. Moreover, 



WtZt = E 



CsZsds 



and the final term is almost surely non-negative. So 



WtZt - E 



CsZsdt 



> 



almost surely, and taking expectations, we see that this has expected value 
limjv->oo E [IVrjv^Tjv] = 0. Hence 



Wt = ^E 



C,Z,ds 



/oo 
/(s, XZs)Zsds 



Define g(t^ z) to be the solution to the PDE 

gt + z{Q'^ - r)g, + ^^z'^O'^g,, - rg ^ -I{t, Xz) 
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with initial condition g(0, z) = E [ I{s, XZs)Zsds\Zo — z\. It follows that g S 
C^'^, and in fact (e.g. Friedman ( 1964 Theorem 3.5.10)) since Iz is locally Holder 
continuous, that gtz exists and is also locally Holder continuous. Applying Ito's 
Lemma, and using a similar localisation and convergence argument as above, 
we deduce that 



9{t, Zt 



1 



-E 



/OO 
I{s,\Z,)ZM^t 



We conclude that Wt = g{t, Zt) and since / is strictly decreasing on (0, oo) 
in Zt, and noting that Z^/Zt is independent of Zt, then g(t,-) is also strictly 
decreasing. Additionally, g is strictly positive and both g(t,z) and zgz{t,z) 
tend to zero as z tends to infinity, and g(t,z) tends to infinity as x tends to 
0. We have c{t,w) = I{t, Xg~^{t,w)), and we conclude that c{t,0) = 0, c(t, •) 
is strictly increasing, unbounded and Cw(t,w) is locally Holder continuous on 
(0, oo)^. Finally, we deduce that g = Y o I. 



Using Ito's Lemma and equating dWt with the wealth dynamics in (38 1 we 



obtain (30)-(31 1, with g instead of /, which hold for all t,z > 0. It follows that 
7r(t,0) = 0, and Tr{t,w) > for w > 0. From (30 1, and (as noted above) since 



gtz exists, we get the required differentiability properties of tt. We then proceed 



as in (32)~(35), to conclude that (29) holds. 



This means F in ( |39[ ) is well defined and we may consider Wt = f{t, F{0, x)Zt), 
with / ~ F^^ as above. Proceeding as in the first part of the proof it follows 
that Wt is a strong solution to the SDE (38) considered for < t < t, where 



r = inf{s : i (F(s, oo)/F(0, x), F(s, 0)/f^(0, x))} = inf{s : W^ E {0,oo}}. 

Unicity of strong solution to an SDE, as invoked above, holds also when we 
consider the SDE not on i e (0,cx)) but on [0,r), and we conclude that Wt = 
Wt = g{t, XZt). However since we know that < Wt < oo a.s. it follows that 
T = oo; i.e. F{t,0) = oo and F{t, oo) = 0. Finally, from = I{t,XZt) and 
Wt = Wt, it also follows that Uc{t, c) = Hc{t, c) so that u{t, c) — H{t, c) — C,{t), 
for some function C. As achieves a finite maximum in (43) it follows that 



¥.[\H[t,c{t,W^))\] < oo for a.e. t > and Fubini's theorem yields J^{h{t) - 
C{t))dt is well defined and finite when we take h{t) = E[H{t, c{t,Wt))]- In 
consequence. 



E 



/ [H{t, c{t, Wtn) - h{t)]+dt < E / [H{t, c{t, Wtn) - cm+dt 

Jo Jo 



(51) 



+ / {Cit)-h{t))+dt<oo. 



Hence (ii) holds when we take x ^ xq. It follows from the first part of the proof 
that we may take u{t, c) — H{t, c) — h{t). □ 



3.4 Example with c, vr linear in wealth 

Example 3.9. Suppose c{t,w) — kw and Ti{t,w) — (f)w for K,(j) > with 
(j) ^ 0/a. Then Black's equation ([29]) is satisfied, Y{t,b) = b/n, j3{t) = l3 ^ 
(k - r)/0 + a^4>/2 and A{t) = where ^ = -d/S/a + 6^/2 - r. 
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Let 7 = 6/(f)a. We have F{t,w) — e^*w and in particular F{t,0) — oo, 
F{t, oo) = 0. It follows that A(a;) = and f{t,z) = z-i/'>'e(«/T)*, which is 
C^'^ difFerentiable. 

Further, = f{t,\{x)Zt) = a;e'^'"'^'+('"'^''+'-'^-'"''^'/2)* and a direct com- 
putation yields 



e«*E[(W^t^)i-^] = xi-^e«*/''E[Z, 



1-1/71 = x^-'e-^' 



(52) 



It follows that 



E 



= KxE. 



-"*dt = x. 



Also H{t, c) ~ j-i^6^*k'*'[c"'^ — 1] so that, taking xq — 1, 



1-7 



and 



u{t, c) 



1-7 



Ate 



(53) 



where C = (^ + «)/(!- 7) = - Then, using ([52]), E[w(t, c(t, VFf°))+] < 
De~'^* for some constant _D, and hence E[iJ(i, Ct) — ft.(i)]'''dt < oo for the 
optimal policy. 

In the above we could take any xq > 0. So, in conclusion, for any initial cap- 
ital X > 0, TT, c solve the optimal consumption problem for admissible strategies 
for u as given in ( 53 1 . We note that the choice of consumption and invest- 
ment which are linear in wealth and time-homogeneous necessarily implies an 
exponential discounting of utility from a given wealth. 



4 Consequences and Extensions of the Main Re- 
sult 

4.1 Model uncertainty 

In our analysis so far we assumed agents believe that the price process follows the 
Black-Scholes model (14 1 with given parameters 6, a. We then asked whether 



their observed actions are optimal for (43) for some utility function u. Suppose 



however that we do not know agents' beliefs about model parameters. We may 
then ask more generally whether agents' actions are optimal for some utility 
function u and some price dynamicslj^ 



More precisely, within the realm of Theorem 3.4 we can ask the following: 
are the observed actions optimal for ( |43[ ) for some u and some 8, al Assume 
we are not in the special case when TTyj{t, w) — (t>{t). Then tt and c must solve 



^We a r e grat eful to Masaaki Fukasawa for suggesting this question. See also |Cuoco and| 
Zapatero (2000i for related results, although with an emphasis on equilibrium constraints. 
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Black's PDE (29) and clearly there can be at most one value of a for which 
(29) is satisfied. Put differently, if we find that agents are optimising expected 
utility of consumption then we also recover uniquely their belief about market's 
volatility. In contrast we do not recover their belief about the Sharpe ratio 0, 



which does not appear in (29). Indeed, as we argue below, if c, tt are consistent 
with utility maximisation for a model with Sharpe ratio then we expect that 
they are also consistent with utility maximisation for a model with a different 
Sharpe ratio 0, but for a different utility. 
Consider P, Zt defined via 



dP 



SO that 



exp 



Pt 



u{ABt + dAt) + rdi. 



for a P-Brownian motion Bt^Bt — {d — d)t. Observe further that Zt — Z^ e^*, 
with^= f(6l-^) + r(| - 1). 

Suppose agents' actions tt, c are given and the equivalent conditions in The- 
orem 3.4 hold. Define a new utility function u{t,c) via the inverse of iic- 
i{t,z) := /(i, z**/^e^*). It follows that the budget equation (|44]) holds for 
A = A^/^. Indeed, by definition, 



E 



Ztl{t, XZt)dt 







= E 


[/ 
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ZtIit,XZt)dt 



= E 


[/ 




Jo 



ZtI{t,XZt)dt 



Classical duality arguments (see the proof of the implication (z) =^ (m) in The- 
orem 3.4 above), yield that the optimal consumption policy in the problem (43) 



for u under P is given as 

Ct - i{t, xzt) = lit, xzt) = c(t, wn- 



Provided (43) for u under P has a finite value, we conclude that the agents' 
chosen actions are optimal for u under P and for u under P. 

We will not persue this finiteness issue here. However, Lemma |4.3| below 
gives sufficient conditions under which the problem value is finite, and then we 
conclude that the same consumption/investment pair is consistent with a family 
of utility functions, each member of which corresponds to a different model and 
Sharpe ratio. 



4.2 Risk aversion 

We now return to our original setting where a, are known and fixed and we 
consider questions similar to those which arose in Theorem |2.6[ namely, we 
investigate what we can say about an investor's risk profile from her actions. 



Recall the absolute risk aversion c) given in Definition 2.5 



Proposition 4.1. An investor with investment and consumption strategies 7r(t, w), 
c{t,w) satisfying the assumptions of (ii) of Theorem 3.4 where c{t,w) is twice 
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continuously dijferentiable in wealth, has decreasing absolute risk aversion (DARA) 
if and only if 



TTwit^w) ^ Cw^{t,w) 



(54) 



7r(t, w) c^(t, w) 

In particular, a sufficient condition for an investor to be DARA is convexity ( in 
wealth) of her consumption and investment which is increasing in wealth. 

Proof. From the final statement of Theorem |3.4[ the investor's utihty function 
u satisfies Uc{t,c) = Hc{t,c) = F{t,Y{t,c)) and from (39) it follows that 

cr7r(<, y (t,c)) 

The absolute risk aversion is decreasing, i.e. pc{t,c) < iff: 



> 

> 
> 



d_ 
d~c 



Y,it,c) 



7T{t,Y{t,c)) 



YUt.c) {Y,{t,c)YTT^{t,Y[t,c)) 



At,Y{t,c)) ^{t,Y{t,c)Y 
{t,w) Tr.^{t,w) 
iT{t,w)cw(t,w)^ Cw{t,w)^Tr(t,w)^ 

Cww (^1 



w=Y{t,c) 



< Tiw{t, w) + 7r(i, w)- 



Cw{t,w) 



w=Y{t,c) 



Transforming the last inequality we arrive at the statement of the proposition. 

□ 

In a similar manner we derive a condition equivalent to relative risk aversion. 
We omit the proof for the sake of brevity. 

Proposition 4.2. An investor with investment and consumption strategies n(t, w) 
and c(t,w) satisfying the assumptions of (ii) of Theorem 3.4 where c{t,w) is 
twice continuously differentiable in wealth, has decreasing relative risk aversion 
(DRRA ) if and only if 

I /, xn2 . f. . c^{t,w)c{t,w)n^{t,w) 

[Cw[t,W)) - C[t,W)Cww(t,W) < 



7r(i, w) 



or equivalently iff 



d_ 
dw 



log 



c{t, w) 

Cw{t,w) 



< Q:^^ogTr{t,w). 



4.3 Time-homogeneous investment and consumption 

We specialise now to the important special case of n(t,w), c{t,w) which are 
independent of time. Suppose first that 7r{t, w) — tt{w) is independent of time. 
Equation ( 28 ) then simplifies to 



tt{w) Tr{w) 



rw o 



d 



dw \7r(w) 



rw a 
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which yields 



rw cr^ 



R{t, w) = — - - —ttM + Pit), 
Tr[w) 2 

where P{t) is taken such that R{t, w) > 0. In consequence 

c{t, w) = w)Tr{w) = rw —'k{w)iTw (w) + l3{t)Tr{w) . (55) 

In particular, if the agent invests a constant proportion of wealth in the risky 
asset, i.e. 7r(w) — (f>w, </> > 0, then 

c(t, w)^{r- Y^"^ + ^W'/'^ ^ = ^(*' 

is also linear in wealth. It is straightforward to see that for a reasonable /3(i) 
(e.g. continuous and bounded) agent's choices c and tt verify the assumptions 
of Theorem 3.4 The case f3{t) = /3, a constant, was worked out explicitly in 
Example |3.9| above. 

We want to study in more detail the implications of representation (551 on 
the possible behaviour of admissible investment/consumption strategies. As- 
sume that c = 0(11]) is also time-homogenous, or equivalently that /3{t) = (3 is 
a constant. Recall that we require 7r(0) = c(0) = and both 7r(w),c(w) are 
non-negative and c^w) is increasing. Consider an investment strategy given by 
7t{w) — (f>w'^ with a > 0. Then (55) gives 

2 i 2 

ciw) = rw-^^w^''-^ +Pq}w". (56) 

The condition c(0) — restricts us to a > 1/2. Considering a G (0.5,1) we 
see that the middle term in (56) dominates for small w so that Cu](0+) = —00 
and 0(11)) is negative for small values of w. On the other hand, if a > 1 then 
the middle term dominates for large values of w and c{w) becomes negative 
then. We conclude that the only admissible value is the one studied above: 
a — 1. This indicates that an admissible investment strategy has to have linear 
behaviour near zero and infinity. For such actions we are able to verify the 
assumptions in Theorem |3.4[ 



Lemma 4.3. Suppose c(t,0) = = 7r(t,0), 7r(t, w) — 7r{w) is time homoge- 
neous, c(t, w) is continuous and c, tt are continuously differentiable in w and 
is locally Holder continuous on (0,oo)^. Further, c and it satisfy (29) and there 
exist strictly positive constants 61,62,^1, H2 with 

7r«,(w) > Si, TT^iw) !• S2, 

Si := Si A 62 < '^wi'^) ^ SiW 52 ='■ 82^ and Ki < Cyj{t^ w;) < /^27 ^ ^ 0; ^ ^ 0- 

(57) 

Finally, assume either that 9 / a < Si, or Si < 6/a < S2 and {9{l—S2/Si)+aS2) > 
0.0 

^We are grateful to Li Yu for noticing an error in an earlier version of this paper, in which 
we incorrectly stated a slightly different set of conditions. 
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Then c,Tr is a regular investment/ consumption pair (Definition \3.!^ and, for 
any x > 0, E[|H(t, c(i, W^f ))|] < oo and E[H{t, c{t,Wf)) - h(t)]+dt < oo. 
Further, F{t, 0) = oo, F{t, oo) = 0, for all t > 0, and (45 1 holds for any x > 0. 
In consequence, (i) and (ii) in Theorem \3.4\ hold true. 

Proof. It is immediate that dS^/T^iO = d^/T^iC) — oo and hence F{t, 0) — 
oo and F{t, oo) = 0. The other properties of Definition 3.3 foUow equally easily. 
Fix a; > for the rest of the proof. Equation (57) implies global Lipschitz 



behaviour of c, tt which guarantees the existence of a strong unique solution to 
( 38 ). Let Q be the risk neutral measure under which :— Bt + 9t is a Brownian 



motion and put Wt := e Wt- We then have 



X + aMf 



'c{s,Ws)ds, 



(58) 



where Mt := /o e-''"7r(W^,.)dBf is a Q-local martingale. In particular, Wt is a 
non-negative super-martingale under Q and hence converges, Q-a.s. as < — > oo. 
It follows that Mt also converges Q-a.s. which is equivalent to {M)t converging 
(cf. (Revuz and Yor 2001 Proposition V.1.8)). However 



SfW^ds < {M)t = f e-^'''n{Ws)^ds < f S^W^ds 
Jo Jq 



and it follo ws that Wt Q-a.s. Finally, from classical estimates (e.g. (Fried- 
Theorem 5.2.3)), we have that 



man 



1975 



)™] < oo for all m > 1. It 
follows that E'^[{M)t] < oo and hence Mt is a Q-martingale with E^Mj = 0. In 
particular 

E / Zsc{s,Ws)ds^ lim E'^ / e~'''c(s, I^,)ds = x - \im E^[Wt]. 
Jo 



To show (45 1, it remains to argue that limf^oo E''^ [IVt] = 0. It follows from the 
above representation that E''2[W^(] is decreasing in t. By (58), and E'^Mt = 0, 
we have: ^ 

E'^Wt = a; - E^ / e-'^"c(s, e''"T^,)ds. 
Jo 

Using the fact that c{s,w) > niw, and applying Fubini's theorem, we get: 

E^Wt <x-Ki 



E^iy, ds. 







The desired conclusion follows immediately. It remains to show the integrability 
properties of H. We will show the stronger fact that E\H{t,c{t,Wt))\ < oo for 
all t, and also that E \H{t, c{t,Wt))\ dt < oo. From ([57]) we get instantly 
that 



w "'2 <e^'^^*'>F{t,w) <w "'i 
< e"'^(*^F(i,-u;) < 
from which it follows that 



"z'^ < f{t,z) < e'^(*)^z- 



< u; < 1 
w>l 

, < z < e^(*) 
, z>e^(*). 



(59) 



(60) 
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The integrability properties we need to establish are invariant under a shift of 
H hy a constant so we are free to redefine H as 



H{t,z):^ I F{t,Y{t,b))db, so that H{t,c{t,w)) 

Jc(t,l) 



Fit, s)c^{t, s)ds. 



In consequence 
H{t,c[t,w))+ = 
and similarly 

H{t,c{t,w))- 



■ujVI 



F{t,s)c^{t,s)ds < K2e'^(*) 



F(t, s)cw{t, s)ds < 



A(t) 



d& 



'''i ds 



(61) 



(62) 



Suppose first that 6 < aS2. Then H{t,c{t,w))+ < e^^'^f^w^ l{^,>i}. 
Using Wt = f{t, \{x)Zt) and the estimates in ([60|, we have 



Ei?(i,c(t,W^,))+<e^(*)^^E 
CTO2 — t) 



f{t,X{x)Zt) '''^lx(a;)Zt<cMt) 



< ^^e^W^E[(A(.)ZO^-^ 



(63) 



and it follows that EH{t, c{t, Wt))~^ < 00. 

To estimate the expectation of the integral in time we need a more careful 
analysis. From Black's equation (29), given that tt is time-homogeneous, we 
know that 

c{t, w) 



m - -^^M - + ^ff , (64) 

2 Tr[w) Tr[w) 

is a function of t only. Now, depending on whether S2 — S2 or 62 ^ Si, we let 
w — >■ or w — )■ 00 on the RHS. The first term in (64) then converges to a^S2/2, 
the second term converges by I'Hopital's rule to r/S2 and hence also the third 
term converges to some K,^{t)l52, where K3(t) > ki > 0. We conclude that 
P[t) = a^52/2 + K^{t)/52 - r/52 and 



A{t) = jy(s)ds + 



r t 



< 



ia'62/2 + H1/S2 - r/62) + ^-r]t 

(7 Z 



9ki 

(7(52 



- 1- 



aSn 



0(762 



(65) 



Using this last estimate in ( 63 ) we recover the situation in ( 52 ) . Since by assump- 
tion 9 < 082, and using the representation Zt = g-n-OBt-e t/2 jg^j have 
EH{t,c{t,Wt))+ < Ce^'^i* for a constant C, and hence E H{t, c{t,Wt))+dt < 
00. 

We now turn to the estimates of H{t, c{t, Wt))^ . In the case where 9 < aSi, 
([62]) implies that H(t,c{t,w))- < ^26-^^*^ ^f^(l - (w A i)i-«/'^'5i). Hence 
EH{t,c{t,Wt))~ < 00, giving also E\H{t,c{t,Wt))\ < 00, and for some con- 
stant C, E H{t, c{t, Wt))~dt < C e^(*) dt. Since ([65]) implies A{t)/t < 
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is bounded away from zero by a constant, then the integral is finite, and so 
\H{t,c{t, Wt))\dt < oo. In the case where i5i < 9 /a < S2 and {9{1- 62/61) + 

a62) > 0, (|62]) imphes H{t,c{t,w))- < e^(*)f^w^^^l{^<i}, and this is 
decreasing as a function of w. Using (|60]), we get 



(66) 



a — (TOi L K / — 



(j6iK2 A(t)(l+' 



6 — (TOi 



(A(x)Z,)'I 



and it foUows that EH{t, c{t, Wt))~ < 00. 

To estimate E H{t,c{t,Wt))-dt we use similar arguments to those for 



the positive part, but consider the asymptotics of (64) which yield expressions 
involving 61. Then we get 

If we write S := {9{l — 62/61) + (162) > 0, we can compute the expectation as: 

EH{t,c{t,Wt))- < ''^'^f^'=^'''^\ Mt)§-a-s/o)irt+set/2) 
9 — (joi 

-9^061 

We now observe that a6i — S = {62 — 6i){9 — a6i)/6i > 0, and we conclude that 
EJ/^ H{t,c{t,Wt))~dt < 00. 

The remaining cases have 9 — aSi for some i. We outline the case where 9 = 
(t6i and 61 < 62, the other cases relying on similar calculations. In this case the 
bounds on H{t, c(i, Wt))~^ hold in a similar manner to above, while integrating 
(lei and using, for z > e^(*\ f{t,z) > (e^(*)^-i)'^«2/e gj^gg H{t,c{t,Wt))- < 



K2e^(*)cr(526'"^ {{A{t))~ + (ln(A(a;)Zf)) + ). We can derive a lower bound on A{t) 
in a similar manner to ( |65[ ), and note that the upper bound also still holds, and 
so we see that EH{t,c{t,Wt))~dt < J^iCi + C2t)e~'^i*di < 00 for some 
constants Ci,C2, which gives the required behaviour. In the remaining cases 
where either 61 < 62 ~ 9 /a, 01 61 = 62 = 9 /a, modifications of the above 
arguments hold. 

□ 



Remark 4.4. In Lemma [4. 3 1 we provide two sufficient conditions which relate 
9, a and the constants 61, 62 which are derived from jTy^lw). The simpler neces- 
sary condition is to require 9 < trJi, however in this case, the utility function 
we derive from this consumption/investment pair will necessarily be finite in 
the limit as we let c — > 0. To allow utility functions which do not display this 
behaviour, we include also the second case. Note however that this second case 
also contains a subset of cases which are easy to check: if Si > ^62, then it is 
easily confirmed that the second necessary condition holds. 

Remark 4.5. From the proof it is clear that we do not need to assume time- 



homogeneity of TT. Instead we take 7r(t,w) g C^'^ and assume (57) and (29 1 
Then it follows that 

K3{t) := 62 lini -77 — V+ / TTF^'^^' '^4(0 — ''i 1™ -r, — 7+ / .xa ^C 
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are well defined. It is then enough to assume that Q ja < Si A 62 and further 
exp(— K3{u)du}dt < 00 and likewise for K4{t). 



Lemma [4. 3| is particularly useful as it allows us to construct a wealth of ex- 
amples of non-linear consumption and investment pairs with prescribed desired 
behaviour. We explore now a method to obtain convex/concave investment and 
consumptions pairs and then present a simple parametric family of examples. 

Assume that tt : 1— >■ R4. is a thrice differentiable, strictly increasing, 
concave function such that 7r(0) = and 

< 7r^(c>o— ) < 7r^(u') < 7r^(0+) < 00, w E {Q,oo). (67) 

Further, let xi'^) — {'^'^w)w{w) ~ tTj^j^w)'^ + Tr{w)Trj^^^{w) and assume that there 
exists e > such that 

2 

- er^ < —xi'w) < r - e, w & {0,oo). (68) 



The optimal consumption is given by ( 55 ) and we assume that it is time ho- 
mogenous with f3{t) = (3 > 0. We then have c(0) ~ and 

e < e + /3t:^{go-) < c^{w) = r + /37r„(w) ^xiw) <r + /37r^(0+) + e"^ 



In particular, (57) holds. Provided the Sharpe ratio satisfies (for example) 9 < 
cr7ru,(oo— ) we can apply Lemma 4.3 and conclude that (i) and (ii) in Theorem 
[Ml hold true. 



By hypothesis tt is concave: the concavity /convexity of c will depend on the 
sign of c„u) — P'!^ww — c^Xto/S. Noting that 7r^,„, < we have that if 

Cn^wiw) < Xw{w) < 0, we (0,00), (69) 

for some positive constant C then the choice /3 = gives that c is strictly convex, 
whereas the choice /3 = gives that c is strictly concave. 

Similarly, we can produce examples with tt convex. Suppose that tt is a 
thrice differentiable, strictly increasing, convex function such that 7r(0) = and 
< 7r^(0-|-) < 7r^(w) < 7rtu(oo— ) < 00. Then, if we assume again that (68) 
holds, we have c such that c(0) = and 

e<e + l3Tr^{0+) < c„(u;) <r + /37ru,(oo-) -|- e^^ 



In conclusion, (57 1 holds and if (for example) 9 < cr7r^(0+) the assumptions of 
Lemma 4.3 are satisfied and (i) and (ii) in Theorem 3.4 follow. If, instead of 
(69), we have 

C-Kj^ioiw) > Xw{w) > 0, wG(0,oo), (70) 

then the choice of /3 = gives a concave consumption while /3 = a'^C/2 generates 
a convex c. 

Example 4.6. As an example, take in the above 7r(u;) — {(l)w + tjj{{l + w)P — 1)) 
with > and < p < 1. Then tt is concave, 7ruj(cxD— ) = (p and 71^,(0+) = 
(j) + pip. Furthermore, 

Xwiw) = 7r(w)7r^^^(w) -I- 3Tr^iw)Trwni{w) = -i^i^ + w)P'^p{l - p)A{w) 
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where 

A{w) = (1 + + (2 - + 30 + 2(1 + w)P^P{2p - 1). 

Suppose that the parameters are such that A(w) is positive, a simple sufficient 
condition for which is that p> 1/2. Since ip > it follows that x is decreasing 
and 

= X(oo) < xH < x(0) = ((/) + 
so that (68) follows provided {(p + pip)'^ < 2r/(T^, a condition we now impose. 



We already have Xw < so for ( 69 ) it suffices to look at the sign of 



C7T^^u-X^u^M^~P)i^ + ^r'''[-Cil+w)+A{w)]. (71) 

Since A is bounded above by an affine function of w it follows easily that this 
expression can be made negative on (0, oo) by choosing C sufficiently large. 
Choose the parameters such that A{w) > 0, {(/) + pifj)^ < 2r/a'^ and either 
6 < (T(f> or both acf) < < a{(j> + p-tji) and <j4>{(t) + p^)) > 9ptp. Taking /3 = 
we obtain an example for which tt is concave and c is convex, and conversely, 
taking /? sufficiently large, we obtain an example with both tt and c concave. 

To obtain examples with convex tt consider now (/)>0, 0<p<l but ip < 0. 
Assume also that (ji+p-ip > and (f>^ < 2r ja^ . Then tt is increasing, convex with 
(p + pip — 7r„(0+) < TTw{w) < 7r„,(oo— ) — 4>. Suppose again that the parameters 
are such that A(?ii) is positive. In fact, given A(0) = ?>[(f) + pip) > 0, P < 1/2 is 
a simple sufficient condition. It follows that x(w) is increasing with 

(0 + p^f = x(0) < x{w) < x{^) = 
so that (68) holds under the condition cj)^ < 2r/a'^. Further, (71) can be made 



uniformly positive for large C and hence (70) holds. Lemma 4.3 applies with 
either 9 < a{(j> + ptp) or both a{(j) + p^) < 9 < acj) and 9p'ijj > —a(j){(j) + p'ilj). We 
conclude that if we take /3 = we obtain an example with convex investment 
and a concave consumption. Conversely, if we take /3 sufficiently large we get an 
example with both tt and c convex. A numerical example for this case is given 
in Figure [T] Note that convexity of c implies DARA by Proposition |4.1| 

Our general approach easily allows us to obtain admissible sets of parameters 
with additional convexity and concavity properties. Note, however, that even 
when the arguments for the convexity/concavity fail, it is still straightforward 
to write down expressions for and analyse it explicitly. In particular, when 
i/; > we see that /? > ^{p+pip)^ guarantees that is bounded and bounded 
away from zero. As above. Lemma |4.3| applies with either 9 < acf) or both 
a(j) < 9 < a{4> + pip) and crcpip) + pip) > 9pip. A numerical example which 
satisfies these conditions but for which A(w) goes negative is given in Figure 
[2j It also features a risk aversion which is first decreasing, then increasing and 
then decreasing again. 

Example 4.7. We present another example where consumption has a simple 
convex expresion in wealth. Consider 



2 I v — /t^ q; 
7r(w) = -W— — ^2 +q:w+ -(e-'^™ - 1), (72) 
cr V 2 a 

where we take r>K>0, a, a>0 with k > aa. Clearly tt{w) is an increasing 
function of w and 



TT^{0+) = — \/r — K + aa, Si — 7r^(oo— ) — — y/r — k. 
(7 a 
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Figure 1: Graphs for Example |4.6| when tTu^u, > 0. Top panes: The investment 
strategy 7r(w) (left) and the corresponding optimal consumption c{w) (right) 
for parameters: r = 0.3, 9 = 0.026, a = 0.25, /3 = 10, p = 1/30, = 2.1 and 
Tp — —60. Bottom panes: The absolute risk aversion p(t, c) — p{c) (left) inferred 
from these actions and a compatible utility function u(0.1,c) (right). 



From (551, with /3{t) = 0, we recover the optimal consumption as 

c{w) = Kw + a (e-'^"' - 1) (73) 
which is an increasing convex function with c^u,(w) — a^ae""™. Sufficient 



conditions for tt, c to satisfy the assumptions of Lemma 4.3 are then concav- 
ity of TT (from which we deduce Si < tTwIw) < 62) and either 9 < \/l(r — k) or 
y^2(r - k) <9 < y^2(r - k + aa) and 9+^2{r - n + aa)) > 9^/1 + aa/{r - k). 
We will verify the concavity condition numerically for the cases of interest pre- 
sented in Figure [3] Note that in this example c is convex and tt is increasing so 
Proposition |4.1| implies that the agent employing these actions necessarily has 
a decreasing absolute risk aversion. 

4.4 Extensions to Theorem 13.41 

Our goal in Theorem |3 . 4| was to present an if and only if statement of our main 
result in the regular case. In this section we talk about a few of the extensions 
which are possible. 



Firstly, note that in (i) of Theorem 3.4 we only assume regularity on u and 



in (ii) we only assume regularity on c, tt. With a standing assumption that 
TT is continuously differentiable in both arguments the equivalence holds under 
weaker definitions of regularity. In (i) it is then enough to require that u{t, •) 
is once (and not twice) continuously differentiable and we can drop Holder 
continuity of I^. In (ii) we then need that c is jointly continuous instead of 
differentiability in w and Holder continuity of c^. The key point is that we need 
to guarantee the existence of gtz in the second part of the proof of the theorem. 
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Figure 2: Graphs for Example |4.6| when tt^^ < 0. Top panes: The investment 
strategy Tr{w) (left) and the corresponding optimal consumption c{w) (right) 
for parameters: r = 0.05, 9 = O.U, a ^ 0.25, ^ = 10, p 1/5, = 0.5 and 
ip = 60. Bottom panes: The absolute risk aversion p{t,c) — p{c) (left) inferred 
from these actions and a compatible utility function it(0.1,c) (right). 



and this can be done either with the assumptions of the theorem, or with weaker 
conditions if tt is assumed to be continuously differentiable. 

Another possible extension is to drop the Inada conditions on u. The impli- 
cations of not requiring Uc{t, 0) = oo — in particular, consumption may be zero 
for an interval of positive wealths to the right of zero — is considered in He and 



Huang (1994) 



Instead of pursuing this idea, for the rest of this section we will consider 
what happens if agent's utility includes a satiation point, or in the inverse 
case where we start with c and tt, if the consumption is a bounded function of 
wealth. This may or may not imply that agent's wealth is bounded (and below 
we give examples which cover the two cases), but in the case where the wealth 
is bounded, there are similarities with the 'maximal' wealth path w{t), which 
arose in the deterministic setting. 



Implicit in the definitions and results of Section 3.3 (and in Black (19681, 
Cox and Leland (20001, He and Huang (1994)) is the idea that the agent follows 
a strategy such that his wealth is unbounded in oj for each t. The result below 
considers the case where the consumption c{t, w) may be bounded above, and 
then < w{t) a.s. where w{t) = e^* e~^''c{s, oo)ds which may be finite or 
infinite. In the former case, the agent consumes and invests in such a way that 
his wealth is kept below w{t) with probability one. We relate this explicitly to 
the properties of the utility function. 

The following definition relaxes the notions from Definitions |3.2| and |3.3[ 



Definition 4.8. (i) We say that a function u : [0, oo)^ — > [— oo,C)o) is a regular 
utility function if for any t > there exists c{t) > such that u{t, •) is twice 
continuously differentiable, strictly concave and increasing on {(t,c) € (0,oo)^ : 
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Figure 3: Graphs for Example 4.7 Top panes: The investment strategy 7r(w) 
(left) in (72 1 and the corresponding optimal consumption c{w) (right) in (73) 
for parameters: k = 0.4, ct = 0.25, r — 0.6, a — 0.1, a = 1.25,0 = 0.95. Bottom 
panes: The absolute risk aversion p{t, c) — p{c) (left) inferred from these actions 
and a compatible utility function u(0.1,c) (right). 



c < c{t)}, satisfies the Inada condition: Uc(i,0+) = oo and Uc{t,c{t)—) — 0, 
and u{t,c) is constant for c > c{t). Further, Iz is locally Holder continuous on 

(0,CX))2. 

(ii) We say that (c, tt) is a regular consumption/investment pair if 

• for each t > 0, c{t,0) = 0, c{t,-) is increasing and we have w{t) := 
e'"* e~''*c(s, oo)ds > 0. Further, c{t, ■) is strictly increasing and differ- 
entiable on [0,w{t)) and constant and equal to c{t,w{t)—) on [w{t), oo). 
Finally, Ci^{t,w) is locally Holder continuous on {{t,w) £ (0, oo)^ : w < 
w{t)}. 

• for each t >0, 7r(t,0) — 0, 7r(t, •) is strictly positive and continuously dif- 
ferentiable in both arguments on {{t,w) G (0, cxd)^ : w < w(t)}. Further, 
/o+ dC/7r(i,0 oo = /^**^ dC/7r(t,^) and TT{t,w) = for w > w{t) when 

w{t) < CO. 



Finally, c, tt are such that the SDK (38) has a strong solution for x < w{0) 



In addition, the definitions of /3, A, H and F may need to be modified. If 
w{t) > ^ > for all i > then it suffices to replace 1 in the lower bound of 
the integration in (29) and (39) by ^. More generally, when (tt, c) is a regular 
consumption/investment pair as given by the Definition 4.8 we have that w{t) is 



continuous and strictly positive and then there exists a smooth function wo{t) 
such that < Wait) < w{t). Thus we can replace the bottom limit in the 
integrals in (29) and (39) with wo{t), and replace A{t) in ([39| 



with 



/3(s)ds- 



cnT{s,wo{s)) 



ds. 
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Similarly, if c{t) is not bounded below by 1, then we replace the lower limit 
in the definition of H with Co{t) where co(t) < c{t) is some strictly positive 
function. Then H{t,c) = J^^^^^ F{t,Y{t,b))db. 

Theorem 4.9. For any x > 0, the following are equivalent: 



(i) c(t, W^) and i:{t, W^) achieve a finite maximum in the problem (43 1 for a 
regular utility function u of Definition \4-^ for which (44) holds, and where 
c, TT : [0,cx))^ — >■ [0, c») are such that ifw{t) := inf{w > : 7r(i,w) 
oo then 7r(i, w) = 0, c(t, w) = c{t, w(t)) for w > w{t). 



0}< 



(ii) c{t,w),iT{t,w) are a regular consumption/investment pair of Definition 
4-8 which satisfy (291 on {{t,w) € (0,oo)^ : w < w{t)}, (451 holds and 



for some < xq < x, E[\H{t,c{t,Wt°))\] < oo for almost all t > and 
J^E[Hit,c{t,Wt°)) - h{t)]+dt < oo, where h{t) = E[F(t, c(t, "))] . 



Moreover, we then have Uc{t,c) 
H{t,c) - h{t) forc< c(t). 



Hc(t,c), and in (i) one may take u{t,c) 



Remark 4.10. The theorem holds if in the definition of a regular consump- 
tion/investment pair w{t) is just some function and we do not impose the con- 
sistency condition that w{t) := e''* e~''*c(s, (X))ds. This condition is in fact 



implied by Black's equation ( p9| which gives = f{t,F{0,x)Zt) and by the 
budget equation (45), as is clear from the proof of (z) (ii). 



Proof. The proof is almost identical to the proof of Theorem |3.4| In the 
first part, when showing (ii) ^ (i), observe that u(t,c) — H(t,c) — h(t) is 
strictly increasing and concave on [0,c(t)) and constant on \c(t), oo), where 
c(t) = c(t, oo) = c(t,w(t)). We have Uc(t,0) = F(t,Y(t,0)) = F(t,0) = oo, 
Uc(t,c(t)) — F(t,Y(t,c(t))) — F(t,w(t)) = and Ucc(t,l) is continuous on 
(0,c(t)). In addition, I(t,z) — c(t,f(t,z)) and / is well defined and C^'^ on 
(0, oo)^. In consequence, Iz(t, z) is locally Holder continuous and it is a regular 
utility function of Definition |4.8[ The modified definition of F(t, w) (note in 



particular that (40)-(42) still hold) is important in (46), where the additional 



terms in Ao(t) cancel with the extra term in Ft arising from the new definition. 

For the second part of the proof, the implication (i) (ii), recall that 
now c(t) is defined from u in Definition 4.8 When we show that c(t, W^) = 



I(t, XZt) this implies c(t, W^) < c(t). Then, from the representation of g as the 
conditional expectation, letting Zt ~> and using the Dominated Convergence 
Theorem, we obtain that c and w are related by w(t) — e""* e^''''c(s)ds. 
We conclude that c(t,0) — 0, c(t,-) is strictly increasing on (0,g(t,0)), and 
c(t,g(t,0)) = c(t). Further, Cw(t,w) is locally Holder continuous on {(t,w) e 
(0, oo)^ : w < g(t,0)}. As previously, (|30])-(31) hold with g instead of /, for 
all t,z > 0. It follows that n(t,0) = 0, and 'K(t,w) > for < w < g(t,0). 
Moreover, ifg(t,Q) < oo then ^^(t, 0) > —oo and 7T(t, g(t,Q)) — 0. It follows from 
the assumed properties of c, tt that g(t, 0) = w(t) and c(t) — c(t, oo). Similarly, 



we conclude that (29) holds for {(t,w) G (0,oo) : w < w(t)}. Finally, the last 
change is that now 

T - inf{s : Zs i (F(s, w(s))/F(0, x),F(s, 0)/F(0, x))} = inf{s : W, S {0, W(s)}} 

and < Wt < w(t) a.s. implies that r ~ oo; i.e. F(t,0) = oo and F(t,W(t)) — 
0. □ 
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Example 4.11. We now present an example where the situation as above holds: 
both the agent's consumption and her wealth process are bounded. Consider 
the time-homogeneous setting with t:{w) — max{ii;(l — w), 0} and 



c{w) = u> ( r — -a 



€ (0,1), 



with c{'w) — r ioT w > 1. We shall suppose that r > ^cr^ and < r ^ 
Observe that c(0) = 0, c is strictly increasing on (0, 1) with derivative bounded 
away from zero and infinity and c is continuous on (6,00). Further, we have 



1 



3(l)ds. In particular, (c, tt) are a regular consump- 



tion/investment pair which satisfy (29) as described above. Moreover, since 



Wt is bounded above, similar arguments to those used at the start of the proof 



of Lemma 4.3 can be used to deduce (45 1. Finally, we can also check the in 



tegrability conditions of (ii) of Theorem 4.9 Then we can conclude that there 



exists a regular utility function for which this consumption and investment are 
optimal. 

First note that we have 



F{t,w) 



SO that 



1 



-w 



-e/c 



-e/a 



4.3 



(74) 



we can 



for w G (0, 1), and for some S < ^. Again, as in the proof of Lemma 
write 

H{t,c{t,wj) = / F{t,w)cw{t,w)dw. 



Since Cw is bounded from above and below for w G (0, 1), then we deduce from 
(74) that H{t, c{t, w))~^ < Kie'^^*^ for some constant ki > 0, and H{t, c{t, w))~ < 
K2e"^^*^ when 6 < a, and H{t,c{t,'w))~ < Kse'^^'^w^"^/'^ when 9 > a, for some 
1^2,1^3 > 0. (We exclude the case 6 = a). Writing f{t,z) for the inverse of 
F(t, w) and using (l74|, we get /(t, Zt) < e^(*)'^/*(Zt V K)-^/'', for some > 0, 



and we conclude that the desired integrability conditions hold provided 



t)a/e ^ 



E 



K'-'^n dt < 



Calculations similar to those in the proof of Lemma 4.3 show that this will hold 
whenever: 



P-ae + r--c7^>0 and A{1) = --/3 + -9^ 
2 (T 2 



r < 0. 



It is now clear that there are non-trivial parameter choices for which this exam- 
ple satisfies the conditions of Theorem |4.9[ and therefore, such that there exists 
a utility function u for which these are the optimal investment/consumption 
pair. 



36 



Figure 4: Graphs for Example 4.11 Top panes: The investment strategy 7r(ii;) = 
w{l — w)\/ (left) and the corresponding optimal consumption c{w) (right) for 
parameters: r — 0.5, 9 = 0.7, a = 0.25, /3 = 0.1. Bottom panes: The absolute 
risk aversion p(l,c) (left) inferred from these actions and a compatible utility 
function u(l,c) (right) which is constant on [r, oo). 



Example 4.12. Finally, we present an example in which the consumption is 
bounded while the agent's wealth is unbounded. Consider the time-homogeneous 
setting with n{w) = 1 — and 



c{w) = /3 



tt{w), w > 0. 



We assume r — 0, 9 < a and /? > cr^. It follows that c is an increasing function 



with c(0) — and c(oo) = /3. Further, tt, c satisfy Black's equation (29 1 as c is 
given by (55 1. Explicit computations yield 



F{t, w) = e^(*) (e"' - 1)-'/" , fit, z) = log (e^(*)-/«z-/« + l) 



where we used log 2 instead of 1 as the lower bound of integration in ( 39 1 . 
Then c, tt are a regular consumption/investment pair of Definition 4.8 with 
w{t) — oo = c(oo)ds, and we note that F{t, oo) = as required. Similarly 
to Example 



4.11 



above, it is easy to see that H{t, c{t, w)) < «;e"^^*^ when 9 < a. 
Likewise, with arguments akin to that in the proof of Lemma |4.3[ we obtain 
that W7 and ([45| is equivalent to showing that E'3[VP7] 0. To verify 
this we use Remark |3.5| and compute 

E«[VFi"] = E^[f{t,F{0,x)Zt)] = EQ [log (^e'^iB,+et)-fit^^x _ i) + i 



< log (eQ 
^0, 



(e" - 1) + l]) = log (e-(/'-"'/2)*(e" - 1) + l) 
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Figure 5: Graphs for Example 4.12 Top panes: The investment strategy 7r(ii;) = 
(1 — e^™) (left) and the corresponding optimal consumption c(w) (right) for 
parameters: r ~ Q, 9 ^ 0.25, a = 0.5, /? = 0.3. Bottom panes: The absolute 
risk aversion p(t, c) = p{c) (left) inferred from these actions and a compatible 
utility function m(0.1,c) (right) which is constant on oo). 



as t — 00, and where we used Jensen's inequality, the fact that Bt + 6t is a 
Q-Brownian motion and the assumption /3 > (t^/2. Finally, note that /3 > (T^/2 
and 9 < a together imply ^(1) = —-(3+ ^9^ < and we conclude that all the 



assumptions in (m) in Theorem 4.9 are satisfied. 



5 Further research 

The work presented in this paper may be seen as the first step which motivates 
exploration of a set of wider related questions. Our underpinning principle is 
to start with those actions which may be observed in an investor's behaviour, 
and then attempt to determine whether their actions are consistent with utility 
maximisation. In this paper, we have considered two cases: a deterministic 
setup and a stochastic complete market setup. In the deterministic case, our 
fundamental conclusion is that observing investor's actions for any given wealth 
is not enough to fully specify their utility. Risk aversion remains unspecified. In 
the stochastic case, we suppose we observe both consumption and investment. 
Then the assumption that the investor is maximising utility implies that the 



consistency constraint (29) holds. These two studies would have natural, and 
interesting, analogues in other markets such as one period models (where the 
investor can choose to consume now or in the subsequent period), or, at the other 
extreme in terms of complexity, continuous-time models which are incomplete 
(e.g. a stochastic factor model). The questions parallel to those which we have 
answered here would include: 

• is specifying an investor's consumption and investment strategies sufficient 
to determine their utility function (up to constants)? 
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• If it is not, is the system over-specified or under-specified? 



In the case where the system is over-specified, we might expect a consistency 
condition such as Black's equation, ( 29 ) , and it is interesting to ask whether 
there is a more general optimisation problem such as ( 19 ) which may correspond 
to the general choice of consumption and investment. 



Following on from Section [4. 1[ it would be interesting to incorporate a form 
of model uncertainty and ask if agents' actions may arise from maximising some 
utility under some dynamics of the price process. Within our framework, the 
scope for such questions was limited since we only considered Black-Scholes 
dynamics for the price process. A more extensive study could be based on the 
work of He and Huang ( 1994 ) , see also Example 3 therein, or follow on from the 
research suggested above. 

An even more ambitious task would be to consider an inverse problem to 
the classical analysis of decision making under model uncertainty (also called 
Knightian uncertainty). In that framework, one specifies actors' preferences 
and a way to quantify their uncertainty about the true price dynamics. One 



then asks what are the actors' optimal actions, see e.g. Schied (20071, FoUmer 



et al. (2009). The inverse approach would start with agents' actions and try to 



recover their preferences as well as their belief about model uncertainty. 

Finally, a nice feature of the paper is that we have been able to go beyond 
simply recovering the utility function, and have also been able to provide char- 
acterisations of certain aspects of the agent's behaviour (absolute and relative 
risk aversion) in terms of the given data. In more complex situations, where it 
may not be possible to fully recover an agent's utility function, it may still be 
possible to deduce some of these related properties from the given data. 

We believe the questions raised above form an exciting research programme 
and we hope to pursue some of them in subsequent work. 



References 

Black, F., 1968. Investment and consumption through time. Financial Note No. 
6B. Arthur D. Little, Inc. 

Black, F., 1988. Individual investment and consumption under uncertainty. In: 
Luskin, D. L. (Ed.), Portfolio Insurance: A guide to dynamic hedging. Wiley, 
pp. 207-225. 

Cox, A. M. G., Obloj, J., 2010. Robust pricing and hedging of double no-touch 
options. Finance Stoch.To appear. 

Cox, J., Leland, H., 2000. On dynamic investment strategies. Journal of Eco- 
nomic Dynamics & Control 24 (11/12), 1859-1880. 

Cuoco, D., Zapatero, F., Apr. 2000. On the recoverabihty of preferences and 
beliefs. Rev. Financ. Stud. 13 (2), 417-431. 

Dybvig, P., Rogers, L., 1997. Recovery of preferences from observed wealth in 
a single realization. The Review of Financial Studies 10 (1), 151-174. 

Follmer, H., Schied, A., Weber, S., 2009. Robust preferences and robust portfolio 
choice. Vol. 15 of Handbook of Numerical Analysis. Elsevier, pp. 29-87. 



39 



Friedman, A., 1964. Partial differential equations of parabolic type. Prentice- 
Hall Inc., Englewood Cliffs, N.J. 

Friedman, A., 1975. Stochastic differential equations and applications. Vol. 1. 
Academic Press [Harcourt Brace Jovanovich Publishers], New York, proba- 
bility and Mathematical Statistics, Vol. 28. 

Green, R. C, Srivastava, S., 1985. Risk aversion and arbitrage. The Journal of 
Finance 40 (1), 257-268. 

He, H., Huang, C.-f., 1994. Consumption-portfolio policies: An inverse optimal 
problem. Journal of Economic Theory 62 (2), 257 - 293. 

Hobson, D., 2010. The Skorokhod Embedding Problem and Model-Independent 
Bounds for Option Prices. In: Carmona, R., (^inlar, E., Ekeland, I., Jouini, E., 
Scheinkman, J., Touzi, N. (Eds.), Paris-Princeton Lectures on Mathematical 
Finance 2010. Vol. 2003 of Lecture Notes in Math. Springer, pp. 267-318. 

Karatzas, I., Shreve, S. E., 1991. Brownian motion and stochastic calculus, 2nd 
Edition. Vol. 113 of Graduate Texts in Mathematics. Springer- Verlag, New 
York. 

Karatzas, I., Shreve, S. E., 1998. Methods of Mathematical Finance. Vol. 39 of 
Applications of Mathematics (New York). Springer- Verlag, New York. 

Mas-Colell, A., 1977. The recoverability of consumers' preferences from market 
demand behavior. Econometrica 45 (6), 1409-1430. 

Revuz, D., Yor, M., 2001. Continuous martingales and Brownian motion, revised 
Third Edition. Vol. 293 of Grundlehren der Mathematischen Wissenschaften 
[Fundamental Principles of Mathematical Sciences] . Springer- Verlag, Berlin. 

Richter, M., 2008. Revealed preference theory. In: Durlauf, S., Blume, L. (Eds.), 
The New Palgrave Dictionary of Economics. Palgrave MacMillan. 

Samuelson, P., 1948. Consumption theory in terms of revealed preference. Eco- 

nomica 15 (60), 243-253. 

Schicd, A., 2007. Optimal investments for risk- and ambiguity-averse prefer- 
ences: a duality approach. Finance and Stochastics 11, 107 129. 

Wang, S., 1993. The integrability problem of asset prices. Journal of Economic 
Theory 59, 199-213. 



40 



